We consider many-point correlation functions of discrete fermions in the two-dimensional FK-Ising model and show that, despite not being commuting observable, they can be realized with a geometric-probabilistic approach in terms of loops of the model and their winding.
Introduction
In the context of two-dimensional Statistical Field Theory, by exploiting conformal symmetry, big achievements have been made in comprehending the structure of the collection of different fields arising in statistical mechanics models at criticality. From a statistical mechanics point of view -where the interest is in connecting discrete probabilistic models with their continuum scaling limits-correlation functions of bosonic fields at the continuum level should be understood as scaling limits of expectations of discrete random variables in precursor models. Consider, for instance, the well celebrated Ising model at criticality on a discretization Ω δ of a simply connected domain Ω. In [CHI15] it has been established that the (properly rescaled) average of spin products converges, in the mesh size limit δ ↓ 0, to correlation functions of the spin field in the Ising Conformal Field Theory
− −− → C n σ z1 . . . σ zn Ω . Being limits of averages of scalar real random variables, these correlation functions commute with respect to permutations of the order of the insertion points z 1 , . . . , z n .
However, the study of continuum Conformal Field Theories (CFT) has been extended to nonbosonic fields -i.e. fields with non-commuting correlation functions with respect to exchanging insertion points-; the most famous example is the description of the Ising CFT as a free fermionic field theory: here a pivotal role is played by the fermionic field ψ [Mus10, FMS12, Hen13] . Unlike bosonic fields, correlation functions of fermions do not commute but rather anticommute, i.e. when permuting the insertion points the correlation function gains a sign equal to the sign of the permutation. This behavior makes the interpretation of CFT correlation functions as limits of random variables more mysterious: an interpretation of non-bosonic fields, and in particular fermionic fields, as limit of discrete probabilistic objects is still accessible or not?
The aim of this short note is to understand that, at least in some cases, an interpretation of correlation functions of fermions as probabilistic objects is indeed still accessible. We are going to concentrate on the critical FK-Ising model, which converges in the scaling limit to the Ising CFT. This model possesses a natural and elegant geometrical representation that will allow to picture insertion of discrete fermions as non-local complex twists of topological events. More precisely, in the fully packed loop representation of the FK-Ising model, the correlation function of discrete fermionic observables counts the configurations in which insertion points are pairwise connected by loops, and it averages them with a complex factor depending on the winding of such loops. For instance, the FK-Ising two-point discrete fermionic observable will be given by f (ζ 1 , ζ 2 ) = E FK [1 γ:ζ1→ζ2 e − i 2 w(γ:ζ1→ζ2) ] The interpretation of discrete fermions as topological objects that twist the probability measure can be originally dated back to the paper by Kadanoff and Ceva on defect lines [KC71] , where they showed that for the Ising model, insertion of fermions corresponds to insertion of topological defect lines and the anti-commuting nature of the correlation functions is related to the winding of these defect lines. More recent developments with discrete complex analysis techniques have then led to a mathematically fulfilling connection between the discrete correlation of the critical Ising model to their continuum counterpart in the Ising CFT [CHI15, HS13] . More in general it has been understood that discrete holomorphic observables are a bridge between lattice modelś Ecole Polytechnique Fédérale de Lausanne, Switzerland; francesco.spadaro@epfl.ch. at criticality, CFT and Schramm Loewner Evolutions [RC06, IC09, AB14] . In parallel, discrete fermionic observables for the critical FK-Ising model have been introduced by Smirnov [Smi07, Smi10, CS12] as a fundamental tool to prove conformal invariance of the Ising model at criticality.
Finally, it is worth pointing out that such a geometric interpretation of fermions does not rely on the discrete nature of the models, but it offers also insight of the nature of fermions at the continuum level, where Ising CFT fermion correlation functions are related to Schramm Loewner Evolution (SLE) martingales. In fact, mutatis mutandis, the picture of a fermionic correlation function as a complex twist of the expectation of the event of insertion points pairwise connected by loops still holds in the continuum where discrete paths are replaced by CLE loops. Indeed, just like in the Ising model correlations can be written as averages over geometrical configurations, either in terms of the FK-Ising model or the O(1) model (low-temperature expansion); in the framework of the CFT/SLE correspondence, bCFT correlation functions are understood as averages over configurations sampled with SLE measures [BB03a, BB03b, BBK05, Kyt06, HK13, Dub15]. In these terms, inserting a fermion ψ(z) in bCFT correlation functions corresponds to gauge the SLE measures on paths that go through the insertion point z.
In the present note we are then going to extend Smirnov's definition of the observable to arbitrarily many insertion points; such an extension will be in a one-to-one correspondence with the Ising observable, as it appears in [HVK13] . The structure of the paper is the following: in Section 2 we recall the critical FK-Ising model and its connection with the Ising model via the so-called Edwards-Sokal coupling; in Section 3 we introduce the winding phase and construct the two-point discrete fermionic observable for the FK-Ising model, and show its equivalence with the Ising observable as defined in [Hon10] ; in Section 4 and Section 5 we then extend such equivalence to the many-point case and observe that it possesses a pfaffian structure that should recall the reader of the free nature of the CFT Ising fermion. Finally, although a more complete and detailed analysis is deferred to a sequent note, in Section 6 we discuss on how to extend the construction for discrete fermions to its CLE counterpart.
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FK-Ising model
The family of Fortuin-Kasteleyn models, also known as random-cluster models, was introduced in the sixties as a unification of edge-percolation, Ising, and Potts models. During the years, it has been extensively studied and we refer the reader to [Gri09] for a rich overview of its properties and their proofs, as well as to [Smi07, Sch11] for discussions on scaling limits. This section is dedicated to recalling the definition of the model, and to fixing the relevant notation that arise in the paper.
2.1. Notation. For a sake of simplicity, throughout the whole paper we set our discussion on a finite region Ω = (V (Ω), E(Ω)) of the square lattice Z 2 , although the results can be straightforwardly extended to a wider class of graphs, e.g isoradial graphs [BDCS15, CS11] . Let us introduce the dual lattice Ω * , the set of corner points Ω consisting of the midpoints between two adjacent primal and dual vertices, and the set of mid-edges z ∈ Ω consisting the midpoints between two adjacent primal vertices, as in Figure 1 . Each corner point ζ ∈ Ω is equivalently defined by a pair (u, w) ∈ V (Ω) × V (Ω * ) of adjacent primal and dual vertices, and as such it comes with a natural orientation
note that o(ζ) ∈ {e i π 4 , −e i π 4 , e −i π 4 , −e −i π 4 }. We identify the corner i and its pair of primal and dual vertices by writing ζ i = (u i , w i ).
2.2. FK-Ising model. An FK configuration ω ∈ {0, 1} E(Ω) consists of a collection of "open" and "closed" edges, respectively labeled with binary values 1 and 0. The FK 2 model -also known as FK-Ising model, for the coupling that it possesses with the Ising model-is a probability measure on subgraphs of Ω, defined, for all FK configurations ω ∈ {0, 1} E(Ω) by Figure 1 . A section of the lattice Ω ⊂ Z 2 with its vertices V (Ω) (black points) and its edges E(Ω) (full lines), together with its dual lattice Ω * Z 2 with its vertices V (Ω * ) (white points) and its edges E(Ω * ). Diamonds indicate corner points ζ ∈ Ω , crosses × indicate mid-edges z ∈ Ω . where |ω| is the number of open edges, k(ω) is the number of cluster of primal vertices, p ∈ [0, 1) and Z FK is the partition function of the model, i.e. the normalization constant such that ρ(ω) is a probability measure.
Any configuration ω ∈ {0, 1} E(Ω) of edges is in a one-to-one correspondence with a configuration of edges in the dual lattice ω * ∈ {0, 1} E(Ω * ) : for any edge e ∈ E(Ω) and its dual edge e * , ω * (e * ) = 1 − ω(e).
An useful representation of FK configurations is then obtained by separating clusters of primal edges and clusters of dual edges with loops along corners. In this representation, the probability measure can be rewritten as
where t = 1 √ 2 p 1−p and (ω) is the number of loops around corners in the configuration ω. The FK-Ising model is critical at the value t = 1, i.e. p = √ 2 1+ √ 2 where the system becomes self-dual [BDC12] . In Figure 2 a typical configuration together with its loop representation is drawn.
In this paper we focus our attention to the FK model with free boundary conditions, i.e. with fully connected dual boundary edges, as in Figure 2 . This ensures that configurations consist of loops only (unlike the case of mixed boundary conditions -e.g. Dobrushin boundary conditions-, no open path is present). However, our construction of discrete fermionic observable can be easily extended in the case of different boundary conditions and we discuss about it in 4.1.
If two vertices u 1 , u 2 ∈ V (Ω) are connected, i.e. belong to the same primal cluster, we will write u 1 ↔ u 2 ; we use an analogous notation for connection of dual vertices and for corners.
Lemma 2.1. Consider a FK configuration ω. Given two corners ζ 1 , ζ 2 ∈ Ω , ζ 1 = (u 1 , w 1 ), ζ 2 = (u 2 , w 2 ) there exists a path along corners connecting ζ 1 and ζ 2 if and only if the primal vertices u 1 , u 2 belong to the same primal cluster and the dual vertices w 1 , w 2 belong to the same dual cluster. Equivalently,
Proof. We note that u 1 and u 2 do not belong to the same primal cluster, i.e. 1 u1↔u2 = 0, if and only if there is a dual cluster D separating them, i.e. without loss of generality u 1 is surrounded by dual edges of D and u 2 is not. Thus, also the corner point ζ 1 is surrounded by dual edges of D and ζ 2 is not. This implies that ζ 1 and ζ 2 are not connected, 1 ζ1↔ζ2 = 0. By exchanging the role between primal and dual lattices, we have
If 1 u1↔u2 1 w1↔w2 = 1 then there are neither primal nor dual clusters separating ζ 1 and ζ 2 , and thus 1 ζ1↔ζ2 = 1. where δ e (σ) = δ σx,σy = 1 2 (1 + σ x σ y ) for e = x, y ∈ E(Ω), and p = 1 − e −2β . The importance of this coupling relies on the fact of the following two aspects, for the proofs of which we refer the reader to [Gri09] ,
• the marginal distributions of µ coincide with the FK-Ising and Ising measures:
• Ising spin correlation corresponds to FK-Ising connection probabilities:
For ω ∈ {0, 1} E(Ω) the conditional measure µ( · |ω) on {±1} V (Ω) can be obtained by assigning, with equal probability, random ±1 spins on entire clusters of ω. These spins are constant on given clusters, and independent between different clusters. For σ ∈ {±1} V (Ω) the conditional measure µ( · |σ) on Ω is obtained by flipping an independent biased coin for each edge e = x, y between two adjacent vertices x, y ∈ V (Ω) with same spin σ x = σ y , and assigning ω(e) = 1 with probability p and 0 otherwise.
Disorder lines.
The main tool in the study of discrete Ising fermions is given by the introduction of disorder lines; these correspond to the results of the insertion of discrete disorder operators [KC71] . An a posteriori intuition for introducing such an object is that in the Ising CFT the Ising fermion ψ can be seen as the product of a pair of spin and disorder field; similarly, in the Ising model, the discrete fermionic will be given on a lattice algebra by the product of a spin and a disorder operator [Mus10, FMS12, HVK13]. Definition 2.1 (Disorder line). By a disorder line between two dual vertices p, q ∈ Ω * we mean a simple path λ along dual edges with end-points p, q. For an Ising configuration on primal vertices
where the sum is over all primal edges xy orthogonal to dual edges of λ. For a disorder line between p and q define the disorder pair (µ p µ q ) λ as exp(−2βE λ [σ]).
In terms of Ising correlation functions, the introduction of a disorder pair (µ p µ q ) λ , is equivalent to the effect of changing along primal edges crossing λ the Ising model from ferromagnetic, with parameter β, to antiferromagnetic, with parameter −β: typical Ising configuration with a disorder line λ would tend to favor alignment of spins away from the disorder line λ, but opposite alignment of spins along λ.
We want then to modify the Edwards-Sokal coupling so to take into account the presence of a disorder line between w 1 and w 2 . Precisely, we modify the coupling so that if a primal cluster is separated by λ in different regions, spins would be equal throughout the region, but opposite between two adjacent regions, see Figure 3 . To take the following property of disorder line into account, one modifies the above coupling with the Edwards-Sokal coupling with disorder line λ as
Any configuration ω in which w 1 and w 2 are not connected, i.e. in which there is a primal cluster surrounding w 1 but not w 2 , or vice versa, is such that µ λ (σ, ω) = 0 for any spin configuration σ. In fact, λ would necessarily cut through the primal cluster, and any spin configuration will result to δ e (σ) = 0 away from λ or δ e (σ) = 1 across λ. So one has
Two-point fermionic observable
In this section we introduce the discrete fermionic observable with two insertion points. As in [Smi10] , the observable would be defined on corner points ζ ∈ Ω . The fermionic observable is an average, with respect to the FK measure, of complex indicator of (non-local) connection events. The non-locality nature of the observable comes from the introduction of the winding phase: a measure of how much a path moving from one corner to another goes around its end corner, or equivalently how much the tangent vector field along the curve turns. We define the winding phase with the convention that loops are walked by keeping primal clusters to their left. Figure 4 . In bold black, the path γ from ζ 1 to ζ 2 on a FK configuration. The winding of γ moves five times on the right (green turnings) and seven times on the left (orange turnings), so that its total winding is π 2 (5 − 7) = −π.
3.1. Winding.
Definition 3.1 (Winding phase). Suppose ζ 1 , ζ 2 ∈ Ω are distinct corner points connected by a path γ, the winding w(γ : ζ 1 → ζ 2 ) of γ from ζ 1 to ζ 2 is defined as the total angle that the path γ (walked by keeping primal clusters to its left) takes to go from ζ 1 to ζ 2
By definition, an FK loops keeps the boundary of a primal cluster on its left, thus the winding w(γ : ζ 1 → ζ 2 ) can be equivalently computed either moving along the path γ or along the boundary (primal edges) of the primal cluster on its left from u 1 to u 2 or along the boundary (dual edges) of the dual cluster on its right from w 1 to w 2 .
In the next result we focus on the order on which the entries appear when walking along a loop, in this case the insertion points will be denoted with ζ i to indicate that it is the i-th insertion point visited on the loop exploration.
Proposition 3.1. For a loop γ, the winding phase possess the following properties:
(1) φ(γ, ζ 1 , ζ 2 ) is an antisymmetric functions in the variables ζ 1 , ζ 2 ∈ Ω , i.e. φ(γ, ζ 1 , ζ 2 ) = −φ(γ, ζ 2 , ζ 1 ) ;
(2) for any triple of ordered distinct corner points ζ 1 , ζ 2 , ζ 3 ∈ Ω laying on the same loop γ,
Proof. .
(1) The cluster configuration determines a loop γ ζ1→ζ2 ∪γ ζ2→ζ1 that runs keeping the primal cluster on its left and that goes through the corners ζ 1 and ζ 2 . Since
The orientation of ζ 1 and ζ 2 determines the value of the winding w(γ : ζ 1 → ζ 2 ): w is equal, modulo 2π, to the difference of the phase of the orientations; thus
(2) One has
and then the thesis follows from the definition of the orientation o(ζ) and of the winding w.
The winding phase φ is the non-local term that allows to have an antisymmetric observable: for two distinct corner points this is defined as the average of the winding phase over all possible path connecting the two corner points.
Definition 3.2 (Two-point discrete fermionic observable). Let ζ 1 , ζ 2 two distinct corner points, the two-point discrete fermionic observable is defined as
It is important to notice that the antisymmetry of the real function is a consequence of the factor 1 2 in front of the winding w, named spin in the literature. Any value different from a semi-integer it would not give rise to antisymmetric function: if the spin were integer one would get a discrete bosonic observable, i.e. expectation of random variables; if the spin is instead in Q \ 1 2 Z then one has more complicated observables, named parafermionic observables [Smi07] . The discrete fermionic observable for the FK model was originally introduced by Smirnov on a complexified version
and for the case of Dobrushin boundary conditions, where the two boundary arcs between two pivotal boundary corner points a and b are fully connected with primal edges and with dual edges.
Beyond loops, such a setting creates a path from a to b, and the function F (ζ, a) is a martingale with respect to the filtration induced by the exploration of the path.
3.2. Ising model two-point discrete fermionic observable. As anticipated, the discrete fermionic observable for the Ising model has already been defined as a discrete holomorphic function that converges in the scaling limit to the fermion of the Ising CFT in the sense of correlation functions. We now recall the definition of the Ising discrete fermionic observable as in [Hon10, HS13, HVK13, GHP19].
Definition 3.3. Let ζ 1 be a corner between u 1 ∈ V (Ω) and w 1 ∈ V (Ω * ), and let ζ 2 be a corner between u 2 ∈ V (Ω) and w 2 ∈ V (Ω * ). Define a corner defect line λ with corner-ends ζ 1 , ζ 2 ∈ Ω , λ : ζ 1 → ζ 2 , as the concatenation [ζ 1 w 1 ] + γ + [w 2 ζ 2 ] of a disorder line γ with endpoints w 1 , w 2 with the two corner segments [ζ 1 w 1 ] and [w 2 ζ 2 ]. u 1 , u 2 are called the spin-ends and w 1 , w 2 the disorder-ends. Denote by W(λ : ζ 1 → ζ 2 ) the total turning of λ (also known as winding) when going from ζ 1 to ζ 2 .
Although both of them are functions defined on corners, the winding w(γ : ζ 1 → ζ 2 ) in the FK model counts the winding of the FK loop connecting ζ 1 to ζ 2 , while the winding W(λ : ζ 1 → ζ 2 ) in the Ising model counts the winding of the disorder line, i.e. a line living on dual edges.
Windings of different defect lines having same corner-ends can be compared by studying their symmetric difference, and in particular its rotation number. For a closed curve, piecewise regular, parametrized curve α : [0, 1] → C, with vertices α(t i ) and external angles θ i , i = 1, . . . , k, let φ :
|α (t)| . Then the rotation number R(α) ∈ Z is defined as
Intuitively, the rotation number measures the complete turns given by the tangent vector field along the curve [DC16] . Figure 5 . A configuration γ ∈ C(ζ 1 , ζ 2 ) of simple loops (in black), and a corner defect line π(γ) from ζ 1 to ζ 2 (in blue). The corner defect line π(γ) has winding
Lemma 3.2. Let ζ 1 , ζ 2 ∈ Ω be two corner points, and let λ,λ be two corner defect line with corner-ends ζ 1 , ζ 2 ∈ Ω . Let λ ⊕λ denote the collection of loops made of the symmetrtic difference of λ andλ. Then
where N is the number of self-intersections of λ ⊕λ.
Proof. One has that
where the ±1 sign depend on the orientation of the loop. And it is a straightforward consequence of Whitney's formula [Arn94, Whi37] that the rotation number of a curve is an odd multiple of 2π if and only if the number of its self-intersections is even.
Definition 3.4. Let λ be a corner defect line with corner-ends ζ 1 , ζ 2 , spin-ends u 1 , u 2 and disorderends w 1 , w 2 . We define the real fermion pair (ψ(ζ 1 )ψ(ζ 2 )) λ as
Although we use the same notation (ψ(ζ 1 )ψ(ζ 2 )) λ as in [HVK13] , our definition of the real fermion pair differs from their definition of (non-real) fermion pair by a factor of −i o(ζ 1 ) o(ζ 2 ). Lemma 3.3. Let λ be a corner defect line with corner-ends ζ 1 , ζ 2 . Then we have
Lemma 3.4. Let λ,λ be two corner defect lines sharing the same corner-ends ζ 1 , ζ 2 . Then
Definition 3.5 (Ising two-point fermionic observable). Consider two corner points ζ 1 , ζ 2 ∈ Ω , then
where Z = ∈C e −2β| | = e −β|E| σ e β x∼y σxσy = e −β|E| Z Ising , and C is the set of configuration consisting of dual loops, C(ζ 1 , ζ 2 ) is the set of configurations consisting of collections of dual loops and a corner defect line λ from ζ 1 and ζ 2 (ref. Figure 5) ; |λ| is the sum of the lengths of the dual path connecting ζ 1 to ζ 2 and the length of all the loops in the configuration.
Equivalence between FK-Ising and
Ising two-point observables. Although, a priori different, the two-point observables defined for the critical FK-Ising model and for the critical Ising model coincide. In order to prove this statement, the general idea is on one side to relate the winding of the FK-Ising loop w(γ : ζ 1 → ζ 2 ) and the winding of the disorder line W(λ : ζ 1 → ζ 2 ) and on the other side to relate the event that there exists a path γ : ζ 1 → ζ 2 to the presence of the disorder line λ.
We are now in the position of proving the main theorem of the section:
Theorem 3.5. Let ζ 1 , ζ 2 ∈ Ω two distinct corner points. Then the discrete fermionic observables for the FK-Ising model and for the Ising model defined on ζ 1 and ζ 2 coincide.
Proof. We have already seen in Proposition 2.1 that
Thus one can fix an arbitrary corner defect line λ from ζ 1 to ζ 2 and rewrite the FK weight ρ p (ω)1 w1↔w2 as the marginal measure of the Edwards-Sokal coupling measure µ λ (σ, ω) with defect line λ. Furthermore, the winding of the path γ : ζ 1 → ζ 2 can be reformulated in terms of the winding of the path γ w along the boundary of the dual cluster, and one has
When a defect line λ crosses γ w it crosses also the boundary of the primal cluster, thus the number of self-crossings N of λ ⊕ γ w corresponds to the number of forced spin-flippings in the primal cluster of u 1 and u 2 ; equivalently, (−1) N = σ u1 σ u2 . Thanks to lemma 3.2 and the Edwards-Sokal coupling with a defect line λ, one has that
Again, by Lemma 3.2, given a simple path λ and a collection of loops η one has that the phase of the path in the symmetric difference λ ⊕ η is equal up to a sign to the phase of the path of λ:
In the low-temperature expansion for an Ising configuration of spins σ, configurations of dual loops η are obtained as collection of dual edges e ∈ E(Ω * ) across which the spins change signs, i.e. δ e (η) = 1 2 (1 − σ x σ y ), where x, y ∈ V (Ω) are vertices of the primal edge orthogonal to e. The energy of the configuration σ can then be written as (1 − 2δ e (λ ⊕ η)) = |E| − 2|λ ⊕ η|
In conclusion, we have
Many-point fermionic observable
The natural generalization of the two-point fermionic observable to the 2n-point consists in averaging loops winding over loop configurations where the 2n insertion points are pairwise connected by a loop. In this section we introduce this (well-posed) generalization for 2n insertion points and show that it coincides with the 2n point Ising observable defined in [Hon10] .
In the definition of our observable, the admissible configurations are those in which each loop contains an even number of insertion points. The event A(ω) indicates that the configuration ω is admissible. As such, the FK-Ising fermionic observable with an odd number of insertion points, with free boundary conditions is by default null. For an admissible configuration ω there might be several ways of pairwise matching insertion points that are in the same loop.
Definition 4.1 (Perfect matching). A perfect matching σ of 2n points ζ 1 , . . . , ζ 2n ∈ Ω is a pair partition {{i j , τ j } : j ∈ {1, . . . , n}} of the indices {1, . . . , 2n} with i j < τ j , ∀ j. The sign of the perfect matching, sign(σ) is defined as the the sign of the permutation µ σ ∈ S 2n defined by µ σ (2k − 1) = i k and µ σ (2k) = τ k for k = 1, . . . , n. We indicate with C 2n the set of all possible perfect matchings.
Every admissible configuration ω such that the points ζ 1 , . . . , ζ 2n are connected pairwise, induces a perfect matching σ. Such an induced perfect matching σ is not necessarily unique, in particular in case in the configuration ω some loops contain more than one pair of insertion points, then one has more choice for σ. However, when such a situation arise, a preferred matching can be chosen by exploring all the loops where the ambiguity arise and selecting a particular matching within the insertion points in each of those loops: one starts from the corner with lowest insertion index i ∈ {1, . . . , 2n} and pairs it with the next corner point encountered when walking the loop, thus one keeps walking and pairs together the next two encountered corner points, until exhaustion. Such an algorithm generates a matching τ called sequential perfect matching.
Therefore, for an admissible configuration ω, and its unique sequential perfect matching τ = {{i k , τ k } : k ∈ {1, . . . , n}}, there exist n paths γ k , k ∈ {1, . . . , n} connecting ζ i k and ζ τ k (either from ζ i k to ζ τ k or in reversed order). 
where A(ω) is the event that ω is an admissible configuration, the factor
is the total winding, viz. the product of the winding of all the pairwise connecting paths, walked having primal clusters on the left, in the configuration ω determined by the unique sequential perfect matching σ(ω).
As a consequence of the composition property of the winding, Proposition 3.1, one can notice that for the admissible configurations ω in which a loop passes through four or more points, the possible different pairings within that loop have all the same winding.
Recall that we use the notation ζ i to indicate the i-th entry in the observable f (ζ 1 , . . . , ζ 2n ) and the notation ζ i to indicate the i-th insertion point visited on a loop exploration.
Proposition 4.1. Let ζ 1 ∈ Ω an insertion point on a loop γ and let ζ 2 , . . . , ζ 2m the other insertion points on the loop γ, indexed in the order of appearance when walking γ starting from ζ 1 . Then, for every perfect matching σ = {{i j , τ j } : j ∈ {1, . . . , m}} of ζ 1 , . . . , ζ 2m one has
Proof. Recall that, by definition of perfect matching, ζ i1 is the corner point with lowest entry index. For each winding φ(γ, ζ ij , ζ τj ) one has
thus, by Proposition 3.1, we have
The last equality follows by considering that segments γ : ζ 2j → ζ 2j+1 are walked by an even number of paths 2p j , p j ∈ N, while segments γ : ζ 2j−1 → ζ j are walked by an odd number of paths 2p j + 1. Regardless of the exact values of p j , which depend on the particular choice of σ, the proof is conclude by recalling that φ 2 (γ) = 1.
The Proposition above shows that for an admissible configuration ω and a perfect matching σ ∈ C 2n , with a loop going through several number of points, while a priori the total winding phase depends on the particular pairing selected by a σ, in truth the total winding phase can be computed as the product of the winding phases of the several paths connecting the insertion points sequentially and without intersection.
For a fixed admissible configuration ω, it is evident that the winding phase φ(γ, ζ 1 , ζ 2 ) does not actually depend on the whole loop Γ of ω where the corner points lay on, but rather only on the path, portion of the loop, γ ⊂ Γ from ζ 1 to ζ 2 . In particular, if we modify the configuration ω, φ(γ, ζ 1 , ζ 2 ) stays constant as far as we do not modify the path γ; eventually, even the portion of the loop Γ \ γ can change without affecting φ(γ, ζ 1 , ζ 2 ). Similarly, if one considers an admissible configuration, with a sequential perfect matching σ, with two non-intersecting paths γ 1 from ζ 1 to ζ 2 and γ 2 from ζ 3 to ζ 4 , then any configuration that does not modify the paths γ 1 and γ 2 would give rise to the same winding φ(γ 1 , ζ 1 , ζ 2 ), and φ(γ 2 , ζ 3 , ζ 4 ). This means that in particular, whether ζ 1 , ζ 2 , ζ 3 , ζ 4 lie all on the same loop or in two distinct ones, as far as the paths γ 1 from ζ 1 to ζ 2 and γ 2 from ζ 3 to ζ 4 are the same, the winding phases coincide as well. Different configuration with same collections of paths {γ i } are called {γ i }-similar. This means that for any admissible configuration ω the total winding φ(σ; ζ 1 , . . . , ζ 2n )(ω) is equal to the winding of a {γ i } i=1:n -similar configuration consisting of only one loop connecting all the 2n points. Furthermore, thanks to 4.1 this is also equal to the product (−1) σ n j=1 φ(γ, ζ ij , ζ τj ) for any perfect matching σ ∈ C 2n . In the case of mixed boundary conditions, the boundary consists of alternating dual wired (free) and primal wired boundary arcs that connect boundary corners a 1 , . . . , a 2n . Such condition constrains the configurations to consist of a collection of loops and n simple, non-inersecting paths connecting pairwise the boundary corners a 1 , . . . , a 2n . With these boundary conditions the definition of the observable does not change but for the definition of admissible configuration ω (for which the event A(ω) occur): for a fermionic observable with insertion points ζ 1 , . . . , ζ 2n , a configuration ω is admissible if and only if each loop and path in ω contains an even number of insertion points. Futhermore, each path from the boundary corner a i to the boundary corner a j can be topologically prolonged out of the planar domain Ω from a j to a i so to form a simple loop. Consequently, Proposition 3.1, and related lemmas, is valid for mixed boundary conditions too. (ψ(ζ 2j−1 ), ψ(ζ 2j )) λj .
Equivalence between FK-Ising and
As for the two-point case the equivalence between the two discrete fermions relies on the Edwards-Sokal coupling between the Ising and FK-Ising models and on the possibility of relating the winding phases defining the two functions.
Theorem 4.3. Let ζ 1 , . . . , ζ 2n ∈ Ω be distinct corner points. Then the discrete fermionic observables for the FK-Ising model and for the Ising model defined on ζ 1 , . . . , ζ 2n coincide.
Proof. Consider an admissible configuration ω, we have seen in Proposition 4.1 that starting from the collection of loops of ω we can virtually modify the loops to a unique loop containing all the corner points, without changing the winding. Thus we can equate that winding to the winding of any other pair matching, up to the sign of the pair matching. In particular we can choose the same pair matching α occurring for the collection of n disjoint corner defect lines Λ = {λ i } i=1:n . As the FK loop is non intersecting, pair by pair we can relate the FK-loop winding to the winding of the defect lines. Finally, by using the Edwards-Sokal coupling with n disjoint defect line
(1 − p)δ ω(e),0 + pδ ω(e),1 δ e (σ) e∈Λ (1 − p)δ ω(e),0 + pδ ω(e),1 (1 − δ e (σ)) for which we have
Trivially,
and thus, for the total winding of any admissible FK configuration, as fixed by its sequential perfect matching, one has
for some {γ i }-similar configurationω where all the points ζ i lay on the same loop. Thus one introduce an Edwards-Sokal coupling in the presence of n disjoint disorder lines λ 1 , . . . , λ n .
4.3. FK Exploration tree. The loops of an FK configuration can be visited via an exploration tree. The 2n-point discrete fermionic observable can thus be equivalently defined in terms of the exploration tree. This approach will be particularly convenient for the study of the observable in the continuous limit δ → 0, see 6.
Definition 4.4 (FK-Exploration branching tree). Given a FK-loop configuration with fully wired boundary conditions ω and a point on the boundary a ∈ ∂Ω, we define an FK-exploration branching tree with the following procedure. The tree (ω, a) → T is the branching binary tree obtained with the following exploration process:
• (exploration) starting from a cut open the loop next to a and walk the loop keeping primal edges on the left; • (branching) when the path arrives at a point which disconnect the domains in two subdomains, we have a branching point a t for the exploration tree: a branch of the tree will proceed on the same loop; • (recursion) the other branch explored the to-be-disconnected domain: one cut open the loop next to a t and proceed again with the exploration in the subdomain. • The process stops when the whole domain has been explored.
Definition 4.5. For a given branch u ∈ T (ω, a) and 2n points ζ 1 , . . . , ζ 2n the winding of the branch W (u) is defined as
Intuitively, when a branch u cross an insertion point ζ a clock starts that measure the winding; when u meets a second insertion point ζ the clock is stopped. If u meets overall an odd number of insertion points the loop configuration is not an admissible and it is discarded. One has u∈T 1 P (u(ω)) = 1 A(ω) . Furthermore the total winding W (T (ω, a)) := u∈T (ω,a) W (u) does not depend on the choice of the initial point a and the branching points and it is immediate to verify that E[W (T )] = f FK (ζ 1 , . . . , z 2n ). 
Discrete holomorphicity
In Theorems 3.5 and 4.3, in order to show the equivalence between the discrete fermionic observable in the Ising model and in the FK-Ising model, we established the connection between FK loops going through the insertion points and disorder lines. Such a proof show the equivalence of the two observables for any value of p = 1 − e −2β . However, when the parameters are tuned to their critical values,
there is an an alternative proof, based on the (strong) discrete holomorphicity (also known as s-holomorphic [Smi10] ) of the observables: one formulates a discrete Riemann Boundary Value Problem that admits a unique s-holomorphic solution, and shows that both observables are solutions of such a problem. Furthermore, s-holomorphicity can be used to reveal the pfaffian structure of the discrete fermionic observable [Hon10] , f (ζ 1 , . . . , ζ 2n ) = Pfaff(F(ζ 1 , . . . , ζ 2n )) where the antisymmetric matrix F(ζ 1 , . . . , ζ 2n ) ∈ M 2n (R) has entries
Such a structure shed a light on the free fermion nature in the Ising theory already at the discrete level. On this direction, construction of a lattice Virasoro algebra for the Ising model has been carried out completely in [HVK13] .
Since strong holomorphicity only holds at criticality, a proof based on it is weaker than the one proposed above, however, by easily yielding precompactness estimates, it plays a pivotal role in proving convergence of the observables to correlation functions of the continuous fermion and in proving convergence of FK 2 loops to CLE 16 3 [DCS12, CDCH + 14, GW18]. Away from criticality, discrete analyticity persists only in a perturbed sense [HKZ14, DCGP14] , and gives rise in a massive scaling limit to the convergence of the discrete Ising fermion to a massive fermion [Par18] . The equivalence between FK-Ising and Ising discrete observable extends then results for the Ising model to the FK model too.
In the following sections we show strong holomorphicity for the fermionic observable and its pfaffian structure. The equivalence of the FK-Ising observable and the Ising observable follows then from [HVK13] , by observing that the difference of the two functions is s-holomorphic everywhere, and thus constant, and it attains the value zero. 5.1. Strong holomorphicity. Strong holomorphicity of the discrete fermion is the discrete precursor of the holomorphicity (chirality) of the Ising free fermion and it is a property of functions defined on mid-edges z ∈ Ω .
Definition 5.1 (Strong holomorphicity). A function f : Ω → C is strong holomorphic, or sholomorphic if for each pair of adjacent midpoints z 1 , z 2 ∈ Ω with a common corner point ζ one has P
where P ν [X] = Re Xν |ν| indicates the orthogonal projection of X on ν.
If a function is strong holomorphic then it is also discrete holomorphic [CS11] , in the sense that the discrete contour integral of its projection around a mid-edge z is null
where C(z) is any simple path along corners enclosing z. The reader recognizes in such a property the discrete version of Cauchy's integral theorem.
Strong holomorphicity is a property of functions of one variable midpoint, so in order to state strong holomorphicity results for the discrete fermions f (ζ 1 , . . . , ζ 2n ) -throught the section we omit the FK indication from f -we consider all the entries ζ 1 , . . . , ζ 2n−1 ∈ Ω fixed and extend f from a function defined on corners ζ = ζ 2n ∈ Ω distinct from ζ 1 , . . . , ζ 2n−1 to a function defined on mid-edges Ω z −→ F (ζ 1 , . . . , ζ 2n−1 , z). In addition, we assume that ζ 1 , . . . , ζ 2n−1 are corners that pairwise do not share any primal or dual adjacent vertex.
In order to extend ζ → f (ζ 1 , . . . , ζ 2n−1 , ζ) to mid-edges, we notice that for any inner mid-edge z ∈ Ω the four adjacent corners z NW , z NE , z SE , z SW ∈ Ω satisfy the identity 1 zNW∈γ + 1 zSE∈γ = 1 zSW∈γ + 1 zNE∈γ Furthermore, we notice that for two adjacent corners, the turning ρ from one corner ζ a to the other ζ b , keeping the primal vertex on its left is such that φ(ρ : ζ a → ζ b ) = 1. Thus for any FK configuration ω, if the path γ connects a corner ζ ∈ Ω to the corner z SE (and we recall that paths are walked keeping primal cluster on their left) then it necessarily goes first through either z NE or z SW , thus we either φ(γ : ζ → z SE ) = φ(γ : ζ → z NE ) or φ(γ : ζ → z SE ) = φ(γ : ζ → z SW ), and similarly for z NW . This means that if z ∈ Ω is a mid-edge not adjacent to any ζ 1 , . . . , ζ 2n−1 , and the system is at criticality, i.e. when the measure ρ p (ω) ∝ √ 2 (ω) , then f (ζ 1 , . . . , ζ 2n−1 , z NW ) + f (ζ 1 , . . . , ζ 2n−1 , z SE ) = f (ζ 1 , . . . , ζ 2n−1 , z NE ) + f (ζ 1 , . . . , ζ 2n−1 , z SW ) (7)
Notice that if t = 1, whether the primal edge through z is open or closed will affect the values of f , and the identity (7) would not hold [RC06, AB14] .
From now on, we fix t = 1 and work in the context of the critical FK-Ising model only. We can then extend the fermionic observable on mid-edge as
In the case where z is a mid-edge adjacent to any of ζ 1 , . . . , ζ 2n−1 , equation (7) does not hold anymore -as one of the four values of f is not defined. Away from the diagonals ζ = ζ i we have that f , or to better say a rotate version of f , is strong holomorphic. 
5.2.
Discrete residue calculus. The function H(ζ 1 , . . . , ζ 2n−1 , z) is s-holomorphic on all midpoints ζ ∈ Ω not adjacent to ζ 1 , . . . , ζ 2n−1 . These corner values correspond to discrete singularities for H (and thus for f ) and as such the discrete Cauchy integral in (6) is non-zero for non contractible simple paths in Ω \ ζ 1 , . . . , ζ 2n−1 and the integrand will have a discrete residue.
We have seen that if z ∈ Ω is a mid-edge adjacent to any ζ 1 , . . . , ζ 2n−1 , the identity (7) does not hold because f (ζ 1 , . . . , ζ 2n−1 , ζ i ) is not defined. However, since the values of f (ζ 1 , . . . , ζ 2n−1 , ζ) with ζ being any of the other three corners in the same placquette of ζ i are well defined, we can extend the definition of f along the diagonal by imposing eq. (7) to hold. Let us suppose that z is adjacent to ζ i , and let us use the notation ζ o i for the corner symmetric to ζ i with respect to z, ζ l i for the corner on the left of ζ i , and ζ r i for the corner on its right.
However, any corner ζ ∈ Ω is adjacent to two different mid-edges z 1 , z 2 ∈ Ω so along the diagonals ζ = ζ i the function f can be extended in two ways -let us use the notation f + and f − to indicate these two values-.
In the context of discrete complex analysis, the difference between the two values, f + − f − , corresponds to the residue of a discrete pole located in ζ i , i.e. to the value of the integral in (6) when the path C(z) is a simple path that surrounds only the singularity ζ i .
Lemma 5.2. For the two-point fermionic observable one has
Proof. First of all one has that
. Furthermore, any path that goes from ζ to ζ o , right after ζ o , either encounters ζ l or ζ r , depending on it one has either
. So, the winding is the same, regardless of any ending point. Thus one has
The value of φ(ζ → ζ r ) is equal to 1 in absolute value but, since the orientation of the path changes -once is incoming to and once is outgoing from ζ-its sign changes for the two mid-edges.
Lemma 5.3. Let ζ 1 , . . . , ζ 2n−1 ∈ Ω be distinct corners, and let f ± defined as in (8), then f ± (ζ 1 , . . . , ζ 2n−1 , ζ 1 ) = f (ζ 2 , . . . , ζ 2n−1 )f ± (ζ 1 , ζ 1 )
Proof. Consider one of the two cases, say f + (ζ 1 , . . . , ζ 2n−1 , ζ 1 ) associate to one of the two midedges. For an FK configuration ω, A l (ω) indicates the event that ω is an admissible configuration, i.e. that the corners ζ 1 , . . . , ζ 2n−1 , ζ l 1 are pairwise connected, and similarly for ζ r 1 and ζ o 1 ; B(ω) indicates that the corners ζ 2 , . . . , ζ 2n−1 are pairwise connected. We also indicate withσ(ω) the sequential perfect matching between ζ 2 , . . . , ζ 2n−1 .
Let γ be the loop going through ζ 1 . Since each loop has to contain an even number of insertion points, for any configurations ω we have the two alternatives
• both A l (ω), A r (ω) (and thus also A o (ω)) simultaneously occur:
• either A l (ω) occurs and A r (ω) does not, or vice versa (and thus A o (ω) does not occur). The first case corresponds to configuration in which ζ 1 , ζ l 1 , ζ r 1 , ζ o 1 all belong to the same loop γ,
for these configuration we have already seen that φ(σ(ω), ζ 1 , . . . , ζ 2n−1 , ζ o 1 ) = φ(σ(ω), ζ 1 , . . . , ζ 2n−1 , ζ l 1 ) = φ(σ(ω), ζ 1 , . . . , ζ 2n−1 , ζ r 1 ) while the second case correspond to configurations in which ζ 1 and ζ o 1 belong to different loops
Configurations ω for which 1 ζ l 1 ∈γ (1−1 ζ r 1 ∈γ ) = 1 have a path γ that goes necessarily through ζ 1 and then through ζ l 1 , so the sequential perfect matching σ(ω) matches ζ 1 with ζ l 1 so the contribution of the configuration to f (ζ 1 , . . . , ζ 2n−1 , ζ l 1 ) is
Similarly, configurations ω for which 1 ζ r 1 ∈γ (1−1 ζ l 1 ∈γ ) = 1 give a contribution to f (ζ 1 , . . . , ζ 2n−1 , ζ r 1 )
. . , ζ 2n−1 ). Finally, for configurations ω for which 1 ζ o 1 ∈γ = 1 ζ l 1 ∈γ 1 ζ r 1 ∈γ = 1, the sequential perfect matching σ(ω) might not necessarily associate ζ 1 to ζ o 1 , nonetheless, thanks to Proposition 4.1 one still has a contribution of
. . , ζ 2n−1 ) . As seen in Lemma 5.2,
. Overall, we have f + (ζ 1 , . . . , ζ 2n−1 , ζ 1 ) = f (ζ 1 , . . . , ζ 2n−1 , ζ l 1 ) + f (ζ 1 , . . . , ζ 2n−1 , ζ r 1 ) − f + (ζ 1 , . . . , ζ 2n−1 , ζ o 1 ) = E[(−1) σ 1 A l φ(σ, ζ 1 , . . . , ζ 2n−1 , ζ l 1 )] + E[(−1) σ 1 A r φ(σ, ζ 1 , . . . , ζ 2n−1 , ζ r 1 )] − E[(−1) σ 1 A l 1 A r φ(σ, ζ 1 , . . . , ζ 2n−1 , ζ o 1 )] = E[(−1) σ 1 A l (1 − 1 A r )φ(σ, ζ 1 , . . . , ζ 2n−1 , ζ l 1 )] + E[(−1) σ 1 A r (1 − 1 A l )φ(σ, ζ 1 , . . . , ζ 2n−1 , ζ r 1 )] + E[(−1) σ 1 A l 1 A r φ(σ, ζ 1 , . . . , ζ 2n−1 , ζ o 1 )] = f + (ζ 1 , ζ 1 )E[(−1)σ1 ζ l ∈γ (1 − 1 ζ r ∈γ )1 B(ω) φ(σ, ζ 2 , . . . , ζ 2n−1 )] + f + (ζ 1 , ζ 1 )E[(−1)σ1 ζ r ∈γ (1 − 1 ζ l ∈γ )1 B(ω) φ(σ, ζ 2 , . . . , ζ 2n−1 )] + f + (ζ 1 , ζ 1 )E[(−1)σ1 ζ r ∈γ 1 ζ l ∈γ 1 B(ω) φ(σ, ζ 2 , . . . , ζ 2n−1 )] = f + (ζ 1 , ζ 1 )E[(−1)σ1 B(ω) φ(σ, ζ 2 , . . . , ζ 2n−1 )] = f (ζ 2 , . . . , ζ 2n−1 )f + (ζ 1 , ζ 1 ) (9) For f − (ζ 1 , . . . , ζ 2n−1 , ζ 1 ) one proceeds similarly, but the value of the winding φ(ζ 1 → ζ l 1 ) will be opposite.
Proposition 5.4. Let ζ 1 , . . . , ζ 2n−1 ∈ Ω be distinct corners, and let f ± defined as in (8), then f ± (ζ 1 , . . . , ζ 2n−1 , ζ j ) = (−1) j+1 f (ζ 1 , . . . ,ζ j , . . . , ζ 2n−1 )f ± (ζ j , ζ j )
Proof. Follows directly from Proposition 4.2 and from the lemma above. 5.3. Pfaffian structure. We are now in position to show that the 2n-point real fermionic observable can indeed be written as the pfaffian of the antisymmetric matrix having the two-point fermionic observables as entries.
Theorem 5.5. Let ζ 1 , . . . , ζ 2n be distinct corners. Then we have f (ζ 1 , . . . , ζ 2n ) = Pfaff(F(ζ 1 , . . . , ζ 2n )) where the antisymmetric matrix F(ζ 1 , . . . , ζ 2n ) ∈ M 2n (R) is defined as (F(ζ 1 , . . . , ζ 2n )) jk = f (ζ j , ζ k ) j = k 0 otherwise Proof. By definition, we have Pfaff(F(ζ 1 , . . . , ζ 2n )) = 2n−1 j=1 (−1) j+1 f (ζ 1 , . . . ,ζ j , . . . , ζ 2n−1 )f (ζ j , ζ 2n ).
Let us consider the function r(ζ 1 , . . . , ζ 2n−1 , z) := F (ζ 1 , . . . , ζ 2n−1 , z) − 2n−1 j=1 (−1) j+1 f (ζ 1 , . . . ,ζ j , . . . , ζ 2n−1 )F (ζ j , z)
Away form the corners ζ i r is a real linear combination of s-holomorphic fucntions, so it stays s-holomorphic. For z close to ζ i , the value of the projection of the two orthogonal components is 0, but thanks to Proposition 5.4 but also the value of the projection of the two parallel components is 0, and so it is s-holomorphic. Thus, r is s-holomorphic on all mid-edges z ∈ Ω ; one can then use the maximum principle for strong holomorphic observables [CS12] , to conclude that r is everywhere null.
6. Ising free fermion in CLE( 16 3 ) In the scaling limit δ → 0 of the FK-Ising model, while fermionic correlation functions are given by the Ising CFT, loops are described by CLE 16 3 , the Conformal Loop Ensemble measure [SW12] with parameter κ = 16 3 . As such, thanks to exact convergence results [BH + 19, GW18] of both discrete correlations and paths to their countinuum counterpart, the reader can expect that the loop interpretation of fermions still holds in the continuum.
In fact, in a subsequent note we will show this result: the 2n-point correlation of fermions in a simply connected domain Ω, ψ(z 1 ) . . . ψ(z 2n ) Ω are also described by a suitable complexification of the probability that each CLE 16 3 loops in Ω contain (i.e. "they are -close to") an even number of insertion points z j .
The general strategy is based on running an exploration tree: like in the discrete case, the correlation function ψ(z 1 ) . . . ψ(z 2n ) Ω can be obtained by averaging the total winding over all possible CLE( 16 3 ) exploration trees. One can group the different exploration tree with respect to the order of visit of the insertion points: in the case of boundary insertion points, for a fixed order of visits, the observable reduces to the probability of visiting the points in that order, which can be computed via quantum group techniques [Kyt06, KP19] . The winding for points not on the boundary is obtained by analytically extending boundary visits probabilities in the bulk; finally to show the agreement of the result with the correlation function of the Ising fermions computed via CFT, i.e. ψ(z 1 ) . . . ψ(z 2n ) Ω = Pfaff (Ψ(z 1 , . . . , z n )) ,
where Ψ(z 1 , . . . , z n ) being the antisymmetric matrix with non-diagonal entries Ψ ij = ψ(z i )ψ(z j ) Ω , it will suffice to show that the singular parts and the boundary conditions of the two sides of the equation coincide. The technique itself is of course not limited to homogeneous boundary conditions but works as well for more general boundary conditions. For instance, for Dobrushin wired/free boundary conditions, the representation of the two-point Ising correlation function ψ(z)ψ(w) [x,y] Ω is proven in [HK13] , and can be extend by the same argument to the many-point case.
